The double-diffusive convection in a porous medium due to the opposing heat and mass fluxes on the vertical walls is solved analytically. In the former analysis, we investigated only when  < , the parameter arising from a combination among the density stratification and the buoyancy effects. However, it is shown in the present research that a solution is also possible when  > . The Sherwood number Sh is shown to decrease monotonically with an increase in the buoyancy ratio N when  > , and Sh approaches 1 when N is 1. We define N min as the minimum value of N when  is imaginary and  = . N min increases with an increase in R c . However, N min approaches a constant as Le increases. Furthermore, although the convection pattern is mainly temperature-driven, concentration-driven convection cells also exist under certain.
Introduction
Double-diffusive convection in a porous medium, which arises from temperature and concentration differences under gravity, is observed in many disciplines. There have been many theoretical and numerical studies on double-diffusive convection in a fluid-saturated porous enclosure because of the opposing heat and mass fluxes on the vertical walls. In this system, several analytical solutions have already been obtained based on the boundary layer approximation. Trevisan and Bejan (1) reported analytical and numerical solutions for this problem. However, their analytical solutions were limited to the case where the Lewis number Le = 1. We also obtained analytical solutions to account for the case where Le > 1 and found that two types of analytical solutions exist when the buoyancy ratio N is less than 1 (2)(3) . Bera et al. (4) also found that two types of analytical solutions exist in an anisotropic porous enclosure. From the point of view of numerical results, multiple solutions have been reported frequently in this system (2) - (5) . In the present paper, we report a further analysis of this problem.
We have been investigating double-diffusive convection in a fluid-saturated porous medium, especially with numerical simulations, since 1994. In 1994 (3) , we observed oscillating convection in a double-diffusive porous medium, which, to the best of our knowledge, had never previously been observed. Further, we observed a monotonous
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oscillation pattern over one cycle. However, the characteristics of the oscillating region were not clear because the oscillating region of N had not been computed. In 2002 (6) , although we investigated only for the aspect ratio A = 5, the corresponding oscillating regions in graphs of N vs. Le for various R were determined. In 2008 (7) , we found three peculiar types of oscillations. One of the most peculiar was the re-oscillation phenomenon, which occurs when the convection pattern changes from being centrosymmetric to being non-centrosymmetric, i.e., when symmetry breaking takes place. Because this transition takes a very long time, the re-oscillation typically has a very long period. The re-oscillation phenomenon can be observed when A = 2 and 2.5. In 2010 (8) , we investigated the non-centrosymmetric convection case when A = 1.5; the evolution of the convection patterns was observed to have the following order as the value of N decreased: re-oscillation, stable non-centrosymmetric, temperature-dominated, and eventually concentration-dominated convection.
As mentioned above, numerical studies have made great progress. However, the nature of the analytical solution developed by the authors of Ref. (3) has not been fully understood. Providing this understanding is the objective for this paper. 
Analytical Solutions
The geometry used in the mathematical model is shown in Figure 1 . This enclosure is filled with a homogeneous, fluid-saturated porous medium. The top and bottom walls of the enclosure are insulated. A constant heat flux ( T ) and mass flux ( c ) are prescribed along the vertical walls. Non-dimensional variables are defined as follows: t * , u * , θ , ϕ , and P * .
For further details nondimensionalizing the equations, please refer to Ref. (2) . The following non-dimensional equation gives the momentum conservation in the Darcy regime with the Boussinesq approximation:
(2) The equation of continuity is ⋅ 0 .
( 3 ) The non-dimensional equations for the mass and thermal energy conservation are
and
respectively, where σ .
The boundary conditions are 1, 1, u = 0 and 0 at |x |= 1
and 0, 0, v = 0 and 0 at |y| = A.
The dimensionless parameters are defined as follows:
If the boundary layers are distinct along the vertical walls and there is a regime where the vertical velocity component is dominant and independent of y, we can assume that the steady-state solution is as follows:
u v x e , ( 1 0 ) θ S y ϑ x , ( 1 1 ) ϕ S y ϑ x , ( 1 2 )
where S c , S T , and  y are unknown constants and v(x),  c( x), and  T x) are unknown functions.
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We rearrange the equations and finally obtain the second-order linear ordinary differential equation
where R T = R c (N/Le). For convenience, we introduce the notations Ω R S R S ( 1 5 ) and B .
( 1 6 ) We can obtain  c from equation (14), but there are different types of solutions, depending on whether  is real or imaginary.
If is real, we can obtain ϑ x sinh Ωx Bx .
The velocity field is v x sinh Ωx .
To determine the values of S c and S T , these two equations have to be solved simultaneously:
Sh and Nu are calculated by
If is imaginary, we define ω R S R S (real), (23) and we obtain the equations as follows: ϑ x sin ωx Bx,
)
Nu is the same as in equation (22). In this paper, we do not describe the case where = 0. The Newton-Raphson method is used to solve equations (19) and (20) when is real, and equation (26) and (27) are used when is imaginary. Once S c and S T are known, we can obtain Nu, Sh, and v(x).
For further details regarding this method, please refer to Ref. (3) .
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Results and Discussion
In the former research (3) , we only investigated the case where  < when is imaginary. In contrast, solutions are found when  > and we discuss the nature of these solutions in this paper. The behaviors of Nu with respect to various parameters are found to be similar to those of Sh. (18) and (25). We found that the convection pattern is concentration-driven if is real and temperature-driven if is imaginary and  < . Concentration-driven convection is counter-clockwise, and temperature-driven convection is clockwise. In these two cases, the velocity directions are as expected, as shown in Fig. 3 . As N increases, the convection due to the temperature difference increases, whereas that due to the concentration difference decreases. If is imaginary and  > the convection pattern appears more complicated. Both clockwise and counter-clockwise flows coexist. 
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When N increases, the clockwise velocity decreases. Such a tendency is the opposite of that in the case where  < From the analytical solution, we find that Nu and Sh become 1 when N = 1. Nu = Sh = 1 indicates that no convection flow exists in the region. Therefore, the convection flow due to the temperature distribution decreases as N approaches 1. Figure 4 shows possible streamlines predicted using the velocity distribution in Fig. 3 , when is imaginary and  > . Two types of convection patterns are possible. In both cases, a strong clockwise convection exists at the center. The convection pattern in Fig. 4(a) shows that two counter-clockwise convection cells are present on the two vertical sides. The pattern in Fig. 4(b) shows that a large clockwise convection blankets the counter-clockwise convection. We carry out numerical simulations of the system to obtain a convection pattern similar to that in Fig. 4(a) . In our previous studies, oscillating solutions were often obtained in the range of N, especially as the aspect ratio A was large. Thus, in the present study, we only calculate when A = 0.5. The governing equations are discretized over a 102 × 52 network. For further details regarding this method, please refer to Ref. (3) . We obtain multiple solutions when R c = 500, Le = 5, and N = 0.70. Fig. 5 shows the three types of the is real is imaginary and <  is imaginary and >  Journal of Thermal Science and Technology Journal of Thermal Science and Technology convection patterns and Sh when R c = 500, Le = 5, and N = 0.70. In these figures, the interval of the stream functions is 1.0 when the stream function is positive, and the interval is 0.2 when the stream function is negative. In our former research (6) , we could determine that  was real when Sh = 1.437, and  when Sh = 6.515. When Sh = 2.367, three cells coexist, as in Fig. 4(a) , and we suggest that this convection pattern is the  case. However, it is difficult to compare analytical solutions of Sh with these numerical ones because we found the analytical solution by assuming that A was sufficiently high, and the aspect ratio was 0.5 in the numerical solutions. The convection pattern in Fig. 4(b) was observed in our previous papers (6) (7) . Because this type of convection pattern is unstable and lives for only a short period of time, it is difficult to compare the analytical and numerical results quantitatively. Qualitatively, however, the flow patterns corresponding to real Ω, and imaginary Ω with ω>π give smaller values than the case of imaginary Ω with ω<π. This observation is accord with our analytical results, as demonstrated in Fig.2 .
Next, we calculate the values of Sh for various values of R c and Le when is imaginary Vol. 8, No. 3, 2013 to solve equations (26), (27), and (28). Figure 6(a) shows N vs. Sh when is imaginary and  > for Le = 5, 10, and 20. For any R c and Le, Sh decreases monotonically and approaches 1 as N increases. As Le takes larger values, Sh decreases at the same N. Figures  6(b) and (c) show N vs. Sh when is imaginary and  > when R c = 100, 300, and 500. As shown in Fig. 6(b) , Sh increases with an increase in R c when N is less than approximately 0.85. On the other hand, the difference of Sh is less than 2 % and the effect of R c is weak when 0.85 < N < 0.95, as shown in Fig. 6(c) . As shown in Fig. 2 and Fig. 6 , the minimum value of N exists when is imaginary and  = , for which the solutions in the forms of eq.(10)-(12) are possible. It is difficult to precisely calculate the minimum value of N using the Newton-Raphson method, but a reasonably good approximation can be made. We define N min as the minimum value of N calculated by the Newton-Raphson method as follows: first, we set an arbitrary initial N as  < and gradually decrease it until the last (minimum) value of the converged N is N min . Figure 7 shows the variation in N min with Le for R c = 100, 300, and 500. N min decreases with a decrease in Le for all values of R c until N min becomes nearly constant, at approximately 0.35. Furthermore, N min increases with an increase in R c . These tendencies are different from those observed in our former studies. In relation to the minimum N needed to obtain temperature-dominated convection in our research in 2010 (8) , the tendencies of Le are the same as with this N min but the tendencies of R c are the opposite. Therefore, we conclude that the analytical N min from Fig. 6 has never previously been calculated. Fig.7 Variation in N min with Le for R c = 100, 300, and 500
Conclusions
The double-diffusive convection in a porous medium due to the opposing heat and mass fluxes on the vertical walls was solved analytically. In the former analysis, we only considered the case where  <  the dimensionless parameter which contrasts concentration and thermal effects. However, in the present research, we mainly discussed the case where  > . It was found that Sh decreases monotonously with an increase in N when  >  and Sh approaches 1 when N is 1. We define N min as the minimum N when is imaginary and  =  Although N min was found to increase with an increase in R c , it became constant with an increase in Le. Furthermore, the convection pattern was mainly temperature-driven, but concentration-driven convection cells were also found. Vol. 8, No. 3, 2013 
